We consider the portfolio optimization problem for an investor whose consumption rate process and terminal wealth are subject to downside constraints. In the standard financial market model that consists of d risky assets and one riskless asset, we assume that the riskless asset earns a constant instantaneous rate of interest, r > 0, and that the risky assets are geometric Brownian motions. The optimal portfolio policy for a wide scale of utility functions is derived explicitly. The gradient operator and the Clark-Ocone formula in Malliavin calculus are used in the derivation of this policy. We show how Malliavin calculus approach can help us get around certain difficulties that arise in using the classical "delta hedging" approach.
Introduction
We consider maximizing the expected utility from both consumption and terminal wealth for an investor whose consumption rate process must not fall below a given level R and whose terminal wealth must not fall below a given level K. This problem is closely related to two individual optimization problems: one is maximizing expected utility from consumption when consumption rate process must not fall below the constant R; the other is maximizing expectted utility from investment when the terminal wealth must not fall below the constant K. The optimal consumption rate and the optimal terminal wealth in the two individual expected utility maximization problems are given. The main purpose of this paper is to derive the optimal portfolio process for an expected utility maximizing investor who generates utility both from "living well" (i.e., from consumption) and from "becoming rich" (i.e., from terminal wealth) and whose consumption rate and terminal wealth are subject to deterministic downside constraints. We are going to use Malliavin calculus, in particular the gradient operator and the Clark-Ocone formula. This technique for computing hedging portfolios has been used before by , Lakner (1998) , and Bermin (1999) (2000) (2002) . The "usual approach" to deriving hedging portfolios is the so called "delta hedging", which works in the following way. In a Markovian setting one can usually write the optimal wealth process in the form of g(t, R t ) for some function g(t, x 1 , . . . , rity at time t should be ∂g(t, R t )/∂x i . However, the problem with this approach, as pointed out by Bermin (1999) , is that one can not always guarantee the necessary differentiability condition for g. In our case g has an integral form such that the integrand is not even once differentiable in the variable x. Moreover, for some utility functions, g is not Lipschitz continuous. In order to calculate the Malliavin derivatives of g for a wide scale of utility functions, we shall formulate an auxiliary result (Proposition 5.2) stating that if a functional of a Wiener process F is in the class D 1,1 (for the definition of D 1,1 and additional references please see Section 5.1), then for a "piecewise continuously differentiable" function φ, the function φ(F ) is also in the class D 1,1 . Using this proposition and the Clark-Ocone formula, we will derive the explicit expression of the optimal portfolio process for an investor subject to downside constraints.
The paper is organized in the following way. Section 2 sets up the model for the financial market and the investor, respectively; the latter has at his disposal the choice of a portfolio (investment strategy) and a consumption strategy, which determine the evolution of his wealth. Section 3 is concerned with an investor's optimization problem in which utility is derived only from consumption and the consumption rate is subject to a downside constraint.
We provide quite explicit expressions for the optimal consumption and wealth processes.
The "dual" situation, with utility derived only from terminal wealth which is subject to an insurance constraint, is discussed in Section 4; again, explicit expressions are obtained for the above-mentioned quantities. We combine the two problems in Section 5, where we take up the more realistic case of utility coming from both consumption and terminal wealth that are subject to downside constraints. Explicit expressions are provided for the optimal consumption and wealth processes. Malliavin calculus approach is introduced and used to derive the explicit expression for the optimal portfolio strategy. Section 6 concludes the paper.
The economy
The model under consideration here is that of a complete financial market as in Merton (1971), Karatzas (1989) and others, wherein there are one riskless asset and d (correlated) risky assets generated by d independent Brownian motions. As our intent in this paper is to obtain the optimal portfolio processπ in a very explicit feedback form on the current level of wealth, we shall assume that the riskless asset earns a constant instantaneous rate of interest, r > 0, and that the risky assets are geometric Brownian motion. More specifically, the respective prices S 0 (·) and S 1 (·), . . . , S d (·) of these financial instruments evolve according to the equations
We fix a finite time-horizon [0,T], on which we are going to treat all our problems. In the above equations,
motion on a complete probability space (Ω, F, P ) endowed with an augmented filtration F = F(t) 0≤t≤T generated by the Brownian motion W (·). The coefficients r (interest rate),
(vector of stock return rates) and σ = (σ ij ) 1≤i,j≤d (matrix of stock-volatilities)
are all assumed to be constant. Furthermore, the matrix σ is assumed to be invertible.
The investor in our model is endowed with initial wealth x > 0. We shall denote by X(t) the wealth of this agent at time t, by π i (t) the amount that he invests in the ith stock at that time (1 ≤ i ≤ d), and by c(t) the rate at which he withdraws funds for consumption. 
We define c(t), 0 ≤ t ≤ T as a consumption rate process if it is nonnegative, progressive measurable and satisfies
The investor's wealth process satisfies the equation
For the initial wealth x ≥ 0, we shall restrict the investor's portfolio and consumption rate processes to the ones that ensure the solution process X of (2.3) is bounded from below; we call such pair (π, c) of portfolio and consumption rate processes admissible. We define the
where 1 is the d-dimensional vector with all entries equal to 1. We also introduce the processes (d and 1-dimensional, respectively) 6) and the auxiliary probability measureP defined on (Ω, F)
According to the Girsanov theorem the processW (t) is aP -Brownian motion on [0, T ]. From (2.3), we can derive
Let us introduce the notation
The solution of (2.8) with initial wealth X(0) = x ≥ 0 is easily seen to be given by
We can deduce that the process
current discounted wealth plus total discounted consumption-to-date, is a continuous local martingale underP . Let us now introduce the process
With the help of the "Bayes rule", we can deduce that the process 
for every τ ∈ S 0,T . This inequality, called the budget constraint, implies that the expected total value of terminal wealth and consumption-to-date, both deflated down to t = 0, does not exceed the initial capital.
The investor's preferences are assumed to be given by a continuous, strictly increasing, strictly concave and continuously differentiable utility function U whose derivative satisfies lim x→∞ U (x) = 0. Next, we are going to consider maximization of utility from consumption when the consumption rate process is subject to a downside constraint. We fix a level R > 0 and require the consumption rate process c(t), ∀t ∈ [0, T ] is almost surely bounded below by R. One can think of R as the investor's minimum consumption needs.
3 Maximization of utility from consumption subject to a downside constraint
The investor, endowed with initial wealth x 1 > 0, choose at every time his stock portfolio π(t) and his consumption rate c(t), which has to be greater or equal to the minimum living expenditure, in order to obtain a maximum expected utility from consumption. Let us consider a utility function U 1 . We can formulate the constrained optimization problem as
We note that for each t ∈ [0, T ], U 1 (t, ·) is also a utility function. We denote by U 1 the differentiation with respect to the second argument. Let L 1 (t) = lim c→R+ U 1 (t, c), and
proposition characterizes the investor's optimal consumption rate process.
, the investor's optimal consumption process is
The optimal wealth process X 1 is given by
In particular, X 1 is positive on [0, T ) and vanishes at t = T , almost surely.
Proof. In addition to the downside constraint c(t) ≥ R, the optimization problem in (3.1) is also subject to the so called budget constraint:
Let λ c and λ 1 denote the Lagrange multipliers associated with the downside constraint and the budget constraint, respectively. The first order condition to this problem is
From the complementary slackness conditions, λ c (c 1 (t) − R) = 0, λ c ≥ 0, and c 1 (t) ≥ R, we obtain that
substitute this back into (3.3), we obtain that
The case of
is rather trivial (in that case c 1 ≡ R and π 1 ≡ 0), thus for the rest of the paper we assume that
Maximization of utility from investment subject to an insurance constraint
Let us consider now the complementary problem to that of Section 3, namely the maximization of the expected utility from terminal wealth which must not fall below a given level K.
An investor working under such constraint will be called an insurer.
Definition 4.1. We call a portfolio process insured if the corresponding wealth process
X(T ) is bounded below on [0, T ], and
X(T ) ≥ K, a.s. (4.1)
The optimization problem
The optimization problem of a portfolio insurer is to maximize E[U 2 (X(T ))] over all insured portfolio processes for a given initial wealth x 2 .
The optimal terminal wealth X 2 (T ) for the above problem is well-known (see Grossman and Vila (1989), Grossman and Zhou (1996) , and Teplá (2001)). In order to formulate it we need some additional notations and facts. Let
, and assume L 2 < ∞.
Some other properties of I 2 are as follows: I 2 is strictly decreasing
We denote by (π 2 , c 2 ) the optimal strategy for a portfolio insurer. Given that the consumption rate is not an argument of utility function U 2 , we have c 2 ≡ 0 and the corresponding wealth process X 2 is given by
Hence the discounted wealth process (β(t)X 2 (t), 0 ≤ t ≤ T ) is a continuousP -local martingale, bounded below by a constant for every insured portfolio process. Now Fatou's lemma implies that this process is aP −supermartingale, andẼ[β(T )X 2 (T )] ≤ x 2 . This budget-constraint implies that the class of insured portfolio processes is empty unless we
The case of β(T )K = x 2 is rather trivial (in that case the only insured portfolio process is π 2 ≡ 0), thus for the rest of the paper we assume that β(T )K < x 2 .
For an insured portfolio process π we define the Markov time
and let τ = ∞ if the set in the left-hand side of (4.3) is empty. It is worth pointing out that , it will follow this curve and no investment in the risky securities will take place.
Now we are ready to state the result characterizing the optimal terminal wealth for a portfolio insurer. The reader is referred to Grossman & Vila (1989) , Grossman & Zhou (1996) , and Teplá (2001) for a detailed proof of this proposition.
Then the optimal terminal wealth for a portfolio insurer is
where the constant λ 2 > 0 is uniquely determined bỹ
Additionally, the discounted optimal wealth process is aP -martingale, i.e.,
Remark 4.1. In fact, the wealth process of an optimally behaving insurer will not hit the boundary Ke
−r(T −t)
before the terminal time T . In other words, we observe that τ (π 2 ) ≥ T , almost surely. 5 Maximization of utility from both consumption and terminal wealth subject to downside constraints Let us consider now an investor who derives utility both from "living well" (i.e., from consumption) and from "becoming rich" (i.e., from terminal wealth) when the downside constraints are imposed on both consumption rate process and terminal wealth. His expected total utility is then
and the mathematical formulation of this investor's optimization problem is:
Here, V (x; R, K) is the value function of this problem.
In contrast to the problems of sections 3 and 4, this one requires to balance competing objectives. One can show that the situation calls for the kind of compromise analogous to the unconstrained maximization of utility from both consumption and terminal wealth.
More specifically, the optimal strategy is: at time t = 0, the investor divides his endowment his actions for these two problems will lead to the optimal policy for the problem of (5.2), provided x 1 and x 2 are chosen for which the"marginal expected utilities" V 1 (x 1 , R) and V 2 (x 2 , K) from the two individual constrained optimization problems are identical.
We start with an admissible pair (π, c) and define
Proposition 3.1 gives us a pair (π 1 , c 1 ) which is optimal for V 1 (x 1 , R), with corresponding wealth process X 1 satisfying X 1 (T ) = 0, almost surely. On the other hand, Proposition 4.1 provides a pair (π 2 , 0) which is optimal for V 2 (x 2 , K), with corresponding wealth process X 2 .
If we define nowπ
and add (3.2) and (4.6), we obtain
In other words,X is the wealth process corresponding to the pair (π,c).
We know from Proposition 3.1 and Proposition 4.1 that
Adding them up memberwise, we obtain
Therefore, if we find x 1 , x 2 for which this maximum is achieved, then the total expected utility corresponding to the pair (π,c) of (5.4) will be exactly equal to V * (x; R, K); this will in turn imply V (x; R, K) = V * (x; R, K). Thus the pair (π,c) of (5.4) will be shown to be optimal for the problem of (5.2).
The optimal solution (x 1 , x 2 ) to the maximization problem (5.7) is described by the equation
In order to see the values of x 1 , x 2 that satisfy (5.8) lie in the interior of the constraints, we first introduce the functions
and
Using the convex duals of V 1 and V 2 , one can show that
The constant λ is determined uniquely as follows: we introduce the function
be the inverse of X ; then λ = Y(x), and the "optimal partition" of the initial wealth is given by x 1 = X 1 (λ(x)), x 2 = X 2 (λ(x)). Since X 1 (λ(x)) > R/r(1 − β(T )) and X 2 (λ(x)) > β(T )K, we conclude that the pair (x 1 , x 2 ) selected to satisfy (5.8) lies in the interior of the constraints.
We have established the following result.
Proposition 5.1. For a fixed initial capital x ≥ R r
(1 − β(T )) + β(T )K, the optimal consumption rate process and the optimal level of terminal wealth of (5.2) are given bŷ 12) respectively; the corresponding wealth processX is given bŷ
almost surely, for every 0 ≤ t ≤ T . , as applied to the probability space (Ω, F,P ) and the Brownian motion {W (t); t ≤ T }.
Derivation of the optimal portfolio process using the ClarkOcone formula
Let P denote the family of all random variables F : Ω → of the form 
]). Thus we may identifyW (t, ω) with the value ω(t) at time t of an element ω ∈ C 0 ([0, T ]):W (t, ω) = ω(t). With this identification the Wiener process simply
becomes the space Ω = C 0 ([0, T ]) and the probability lawP of the Wiener process becomes the measure µ defined on the cylinder sets of Ω by
The measure µ is called the Wiener measure on Ω. In other words, we identify our probability space (Ω, F,P ) with
Here B(C 0 ([0, T ])) denotes the corresponding Borel σ-algebra. Next, we define the CameronMartin space H according to
With this setup we can define the directional derivative of a random variable F ∈ P in all the directions γ ∈ H by
Notice from the above equation that the map γ → D γ F (ω) is continuous for all ω ∈ Ω and linear, consequently there exists a stochastic variable F (ω) with values in the Cameron- 
We note that the Malliavin derivative is well defined almost everywhere dt × dP .
and introduce another norm · 1,1 on the set P according to we have the stochastic integral representation
|F(t)] dW (t) (5.17)
and alsoẼ
We want to apply this formula to the functionalX(T ) of (5.12 However, I 2 (z) is not differentiable in z = L 2 , and assuming Lipschitz continuity would exclude the most frequently used utility functions, such as the logarithm and power utilities.
Thus we proceed with a proposition which is applicable to the present situation. (iii) The function φ is bounded on every compact subinterval of (a, b), where
We denote the class of piecewise continuously differentiable functions by P C Now we are ready to state our proposition.
Proposition 5.2. Suppose that we have constants a, b, a function φ, and a random variable
, and
Proof. See Appendix.
The optimal portfolio process for the optimization problem (5.2) is given by the following theorem.
Theorem 5.1. Suppose that the relations
hold for some positive constants K 1 and α. Then the hedging portfolio with the downside constraints iŝ
where τ = T −t and ϕ τ is the d-dimensional normal density function with variance-covariance
Proof. Notice thatX(T ) of (5.12) is consistent with X 2 (T ) of (4.6). The condition of Proposition 4.1, i.e., thatẼ[I 2 (λ 2 ζ(T ))] is finite for every λ 2 > 0 follows from (5.23) and the fact that all powers of ζ(T ) have finiteP − expectation. We need to show that I 2 (λ 2 ζ(T )) ∈ D 1,1 and compute D t I 2 (λ 2 ζ(T )), because having done that, the Clark-Ocone formula and (5.5), (5.12), and (5.13) would implŷ 
The essential step of the proof is applying Proposition 5.2 with I 2 playing the role of φ and λ 2 ζ(T ) playing the role of F . From the properties of utility function U 2 follows that
is an easy consequence of (5.23), (5.26), and the fact that all powers of ζ(T ) have finitePexpectation. Thus we can indeed apply Proposition 5.2 which guarantees that I 2 (λ 2 ζ(T )) ∈ D 1,1 and
Now we combine (5.25), (5.27), (2.11), (2.9), and (2.6) to obtain
which implies (5.24), using some well-known properties of the Brownian motion.
In the following two examples, we discuss the special cases of the logarithmic and the power utility functions. We shall also compare the optimal portfolio processes with downside constraints to the optimal portfolio processes without constraints. The latter is well known from the portfolio optimization literature (see, for example, ). We shall use the notationsπ(t) andX(t) for the optimal portfolio process and wealth process without constraints, respectively.
To simplify the calculation, let's assume that the consumption rate c is always greater than or equal to R, in which case I 1 (t, y) = 1/y. In order to specialize our formula for the optimal portfolio process to this example, we cast (5.25) and (5.27) in the form
By (5.13), we can write the optimal wealth process aŝ 
In order to make this formula more explicit, we use (2.11), (2.9), and (2.6) to write the conditional probability on the right-hand side of (5.33a) for θ = 0 as
where Φ is the (one-dimensional) standard normal distribution function. Now (5.33a)-(5.33b)
give an explicit representation forπ(t) in the case of logarithmic utility functions. If θ = 0, (5.24) impliesπ ≡ 0 (for any utility function which satisfies the conditions of Theorem 5.1).
It's interesting to compare this result to the optimal portfolio process for maximizing utility from consumption and terminal wealth without downside constraints. The optimal portfolio process under logarithmic utilities without downside constraints has the well known feedback formπ
Defining the processX c (t) = X (t) −
θ, from which we can see that the optimal portfolio process with downside constraints is captured in an explicit feedback form onX c (t). Herê X c (t) can be interpreted as the constraint-adjusted current level of wealth.
Example 5.2. In this example we specialize our result to the case of the power utilities and
We can analyze this similarly to the previous example. To simplify the calculation, we again assume that the downside constraint on the consumption rate process is not binding, in which case we have I 1 (t, y) = y . From (5.25) and (5.27), we get
and (5.13) implieŝ
Rearranging and simplifying (5.38) using algebra and independent increments property of Brownian motion, we get Following the argument in last example, we introduce the constrain-adjusted wealth
We may rewrite the expression (5.39) for the optimal portfolio process asπ(
which has an explicit feedback form on the constraint-adjusted current level of wealthX c (t).
Concluding remarks
We have developed a method for deriving explicit expression for the optimal portfolio process when the investor's consumption rate process and terminal wealth are subject to downside constraints. The gradient operator and the Clark-Ocone formula are used to obtain the optimal portfolio policies for a wide scale of utility functions. In order to calculate the required Malliavin derivatives in the Clark-Ocone formula, we extend the classic chain rule that holds for Lipschitz functions to be valid for any piecewise continuously differentiable functions. The methods developed in this paper seem preferable for investors with a liability stream. This raises an issue for further study, which is to explore the adaptability of the theory developed here in pension fund management. The proof will be carried out in two steps. In the first step we assume that φ and φ are bounded on (a, b), i.e.,
We select an increasing sequence (a k ) k≥1 ⊂ (a, c) and a decreasing sequence (
and for every k ≥ 1 define the function and now (7.4) and (7.7) imply for x ∈ (a, b) .8) i.e., From the assumption F ∈ D 1.1 follows that E DF L 2 < ∞, and now (7.13), (7.14) , and the Dominated Convergence Theorem imply
Since the gradient operator D is closed, (7.11) and (7.15) guarantee that φ(F ) ∈ D 1,1 and (5.21) holds.
In the second step of the proof we do not assume the boundedness of φ and φ . This part of the proof will be similar to the proof of Lemma A1 in 
